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∫
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∫
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∫
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M
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dK¦C¦V7G^^`KZ\oba}_7^W^Ws}MCXrZibLo"Zib^`aqX^`dhZiHubXpKg\b^7gkuau]MCgrZ+oba7Z[V7sYbXi]uXiXib^`auXkqMZ[MCMa}ZiHKM?MYp=MgiZ'o`aus¸Z\HKM
IoV`MXrboaoauo`VYXrZt²e	HK^_7oZiHKMCg\XZ\HKMtpKg\b^7g#baYd^7giLo"Z\b^7aYp=^7X\XrbKV MCb_7H{ZIbZoaqs Z\HKMa0baYdMg=^Z\HZiHKMsKoZ\o
o`aus?ZiHuMpKg\b^7g+³og\MsYMCXibg\o`KM7".Mau]MZ\HKMaKMCMCs^`dbaqsYb]Co"Z\^`g+X	HKb]+H1og\MKaqsYMg+X[Z+oausuoKM	d^`gq^`ZiH^d±ZiHuML0
4 dªZ\MgXi^`L?M@giM]oXko`aus¥pKg\MC]bXib^`auX'o=^`KZkZ\HKM?L@MoaKbaK_^dZ\HKM?¢¤MCbuK¡pqog+oL?MZ\Mg+Xba£TWM]Z\b^7a zWM
pKg\^`p=^7XiMba¸TWMC]Zib^`a5Oo`a1bL@pugi^"7ML?Ma{Z^`dZ\HKMtopKpKg\^7o7]+HpKg\^`p=^7XiMCs WV #Mg\_`MCg#o`ausTYKa£²r67³hoausIo`]+Huo
«­"®87²r6 7³¡Zi^@Mb]bcZIpKg\b^7g#sYbXrZig\bKKZib^`auXCGIHKML?o`bapq^7ba{Z	^dZiHKbX#bL?pKg\^"`MCL@MCa{ZbX#Zi^?]^`aqXrbsYMgZiHuMpugib^`g
sYbXrZig\bKKZib^`ao`X¡o`a@o`pKpKg\^WbLo"Z\b^7a^dqZiHKM	p=^7XrZiMCgib^`g¡sYbXrZig\bKKZib^`a]^7L@baK_dg\^`L o'aK^7aKbaYd^`g\Lo"Zib`M#pKg\b^7goaus
§¨ª©« ¬u­®9`­«;­	Hu^7XiM'Xib¦M
a
bXo@giMCMCo`a{ZIbausYb]oZi^7g#^`dEuau]MCgrZ+oba7Z[V7
:9:<;>=)?A@ABAC
!  t¨% 1"®­  1¬¬)«
4 ]]^`g+sYbaK_?ZiHKM@Xrp=MC]b =]o"Z\b^7auX^`d ZiHKMOpKgib^`g{au^"	MsY_`M7KM^`YZ+oba¥o?µuMYbKMHKbMg+og+]+HKb]Co±pKg\b^`g	deo`L@bV
d^7g@	Hub]+HMpKg\^`p=^7XiMXi^`L?M0X[Z\g\oZiM_7bMX^`dk]o`bKg+o"Z\b^7a ba TWM]Zib^`a !KlhXrp=MC]bo`V`#o¤sKMdeoucZ ]o`bKg+o"Z\b^7a
L?MZ\HK^Ys}bX'Xru_`_`MX[Z\MCs±t¯°aqsYMp=MausKMa{ZiV0dgi^7L ZiHKM?MWp=MgiZC9Z\HKMIoV`MCXiboa¥oaqoVWXrZkLOuXrZ'^`dªZiMCa}pKg\^Y]MMs¸Z\^o
uaqog\MC]CobKg+o"Z\b^7aXrZiMCph¯°a0Z\HKbXkobL0uoa0bausYb]o"Z\^`g	L?MCo7XrugibaK_@ZiHKMM9MC]Z\b7MXrb¦Mt^`dZ\HKM]MauXi^`g\MCssKo"Z+o`XiMZ
tn
bX_`b`Ma£Z\^¸^Y]oZiMZ\HKM1XrZig\MaK_7H{Z^dIZiHKMXrKKj[MC]Z\b7M baYd^`g\Lo"Zib^`a 	bZiH g\MCXipqM]ZZ\^¸ZiHuM1X[Z\giMCaK_`H{Z^`d#Z\HKM
^7Yj[MC]Zib`M sKoZ\o0baYd^`g\Lo"Zib^`a#MCXibsYMCXCubKb^`_`g+opuHKb]Co¡g\MCXiKZ\Xo`giMg\MC]CoMs¤o`aus ]o`a£=M1pugi^Y]MCMCsYMs£ba o
g\Mbo`KM'o`ausXrbL?pKMtIoV` GIHKMCaZ\HKM]^7auXiMauXiuXI=MZ[#MMa0XiM`MCg\o`9MYpqMCgrZ+XIbXIugibMµuVX[Z\usYbMCs±
´EbaqoV7#M?XiHK^"ba TWM]Zib^`a |ZiHqo"Z'ZiHKM ]^`L?pKYZ+o"Z\b^7a£^`dhZ\HKMpq^{X[Z\Mg\b^7gtsYbXrZig\bKYZib^`a bXtXrbL?pKMuXrbaK_
o`abL?pq^7grZ+oau]M'X\oL?pKbaK_o_`^`g\bZiHKL0¡¯°a¸TWMC]Zib^`a¸xKKo@dKIoV`MXrboaoauo`VYXibX#bX	MCsd^`g	g\MCo`9suo"Z\oo`aus1Z[^
MWp=MgiZ	^`pKbaKb^`auX#Z\^buX[Z\g\oZiMZiHuMtL?o`bap=^`ba7Z+X	^dE^`Kg	MCb]bZ\oZib^`aL?MZiHu^Ws
  '% 0t $%#I 
	
  "!#$&%'
´u^`g
n ∈ IN∗
kMZ
Tn = T1, . . . , Tn ∼ W(η, β)
=M¤bausYMCpqMCausYMCa7Z\V o`aus bsYMCa7Z\b]CoV sYbXrZig\bKKZiMCs giMo
^7gr;`M]Zi^7gr;"oKMCs}g\o`ausY^7L"og\boKMCXtba Z\HKMX\oL?pKMXipuo`]M
IRn+
	bcZ\H pKg\^`uo`KbbZ[V£sYMCauXibcZ[V¤dKau]Zib^`a ²ep=sWd+³
fW (t|η, β)
oausXiKgiWb"o²g\MboKbbZ[VK³hdKau]Z\b^7a
SW (t|η, β)

GIHKM@oo`bouMsKoZ\oog\Mo`X	d^7^"X)(MZ
tn = (t1, . . . , tn)
=MOoa}^`uXiMg\`MsX\oL?pKM^`d
n
suo"Z\ou ;Xiuo`V
tn
]^`a{Z\o`baqX
r
uau]MCauXr^7giMs}¨7¨77suo"Z\o
xr = (x1, . . . , xr)
d^7^"	baK_
W(η, β)
o`aus
n − r
KYMCs ²pugi^7_`g\MCX\Xrb`M
Z[VWp=M;¯r³'gib_`H{Zi;]MauXi^`g\MCs}o`uMCXCEsYMCaK^Z\MCs
cn−r = (c1, . . . , cn−r)
¸GIHWuXCZ\HKM ^7uXrMCgi7MCs¤b`MCbHK^W^Ys ]o`a£=M
	g\bcZiZiMCa0o7X
L(tn; η, β) =
βr
ηr
r
∏
i=1
(
xi
η
)β−1
exp



−
n
∑
j=1
(
tj
η
)β



.
	* +,-!./!102 "354687.9./;:.<>=?&$-<@
GIHKMIuXiuo`Y¢¤MCbKuKpqog+oL?MZ\Mg+X
(η, β)
Huo7M#sYbA9Mg\Ma{ZhXrMCauXiMCXCGIHKMX\]o`M#puog+oL?MZiMg
η
bX Z\HKM
63 BDC p=Mg+]MCa{ZibM^`dZiHuMsYbXrZig\bKYZib^`a¸o`aus1bX	HK^7L?^`_`MCaKM^7uXhZi^
T
¡#YZ	ZiHuMXrHuo`pqM'puo`g\o`L?MZiMCg
β
Hqo`XIaK^sYbL?MauXib^7a
4 a0MWp=MgiZWbMC	pq^7ba{Zo=^`KZ
β
o`pKp=MCog+XZi^?=ME¬u­® ¨ª«;­« ¨ª§(¡ZiHKMt"o`KMt^`d
β
g\MµuM]Z\X	o@WaK^"	MCsY_7Mo`q^7YZ
Z\HKM(/=©1*/ $%« ¨ª§#²^7gdYZ\KgiM³±=MHuoWb^`g±^`dYZiHKMh]^`L?p=^`aKMCa7Z ∑ EGIHKbXWaK^"	MsY_`M¡bXba{Zig\baqXrb] Zi^ZiHKM#]^`L?p=^`aKMCa{ZC
bausYMCpqMCausYMa{Z\V^`d±ZiHKMF¬u­>	u«5¨ª«;­« ¨ª§{au^"	MsY_`M^`d±ZiHKMdeobugiMZibL@M	HKb]+H bXZ\g\o`auXro"Z\MCs?WVoWaK^"	MCsY_7M^`a
dKaq]Zib^`aqX^`d
(η, β)
o7XZ\HKMkL?Moa{ZiHuMkL?MCsKbo`aWMZ\]`¡GIHKbX "{uo`bZ\oZib`ML?MoaKbaK_^`d
β
]Coa =MHKb_7HKb_7H7Z\MCs o7X
d^7^"X( 	HKMCa1Z\HKM]^7L?pq^7aKMa{Z ∑ bX	XrKuL@bZrZ\MCsZ\^?o`_`baK_uKo`_`baK_@g\oZiM'bXI_7b7MaWV
∂hW (t|η, β)
∂t
=
β(β − 1)
η2
(
t
η
)β−2
o`auso`_`baK_o`]C]MMg+o"Z\b^7a1]o`a0qM'L?MCo7XrKg\MCsWV
∂2hW (t|η, β)
∂t2
=
β(β − 1)(β − 2)
η3
(
t
η
)β−3
.
GIHWuXCKo`XI#MtXio`bs1qMd^`g\M`YZ\HKM'MYpq^7aKMa{Z\bo`sYbXrZig\bKYZib^`a
(β = 1)
]o`a=MtuXiMCs1d^`g	L?^YsYMbaK_o?]^7L?pq^7aKMa{Z
	HKb]+H bX#^`aKVXrKuL@bZrZ\MCs1Zi^@o`]]bsKMa{Z\o`udeo`bKg\M`W	bcZ\HK^`KZIo`_`baK_g+o"ZiM7E´qo`]MZ\^Oo_7bau_u{MaK_7baKMCMg+XhqXruo`V@Zig\V
GDH9:-GJI
  ­¨e­	
¨¬Y®ª®­	9­"®¨ 1"©¨	"¬«5©¨e­"®©® ¨e­¨ª®c¨ª« |
Z\^?Xi^" sY^"	a0o_7baK_@WV1pKg\M7Ma{Zib`M']o`giM?²eXiu]+HZiHqo"ZIZiHKMtMX[Z\bLoZiMCs
β
g\MLobauXI=MZ[#MMa£toaus¸z7³
¯°a ^`ug X[Z\usYV`#Z\HKM¥o"obo`KM0MWp=MgiZ ^`pubaKb^`aqXog\MLo`baKV "{uo`a{ZibZ\o"Z\b7M¸oaus _`b`M0bcZiZiM¥baYd^`g\Lo"Zib^`a
o`q^7YZ
β
£GIHKbXbXOo¤Xrb_`aKb q]Coa{ZsYbA=MCgiMCau]M	bcZ\H ZiHKM0]^7ausYbZib^`auXgiM"{Kbg\MCs£d^7gbauXrZ\oaq]M WV TWbaK_`pKugiIoo
o`aus TY^`aK_ ²[ 7x7³Ooaus TWbaK_`puKgiIoo²r6  7³	HK^ pKg\^`p=^7XiMCsHKbMCg\o`g\]+Hub]Co#pKgib^`guKbsYbaK_7X?	bZiH aWKL?Mgi
^7uX#H{VWp=Mg\puog+oL?MZiMg+XC~^`ZiMkZiHuoZMCgi_7MgIoausTWKa ²[{³o7XiXiKL?MCs ZiHKMtX\oL?MHWVWpq^`ZiHKMXrbX#^d opKg\^`L?baKMa{Z
pKg\b^`gWaK^"	MCsK_`M¡^`a
β
".Mg\M`#MXiHuo7XibL?pKVt]^7auXrbsYMCgZiHqo"ZTWKpKp
(π(β))
bXq^7KausYMs'd^`gE^`Yj[M]Z\b7MgiMo`Xi^`auXC
¯°a0ZiHuMtd^`^"	baK_qYMtuXiM'd^`gk]^`aW7MaKbMau]MZiHKMpqog+oL?MZ\gib¦CoZib^`a
µ = η−β
 ,¸^`g\M'_`MCaKMg+oV7K#MsYMaK^`ZiM
θ
Z\HKM@puog+oL?MZ\Mg+X^`d¡ZiHKMOL@^YsYMC ±MXrp=MC]bo`V	HKMa¤MsKM uaKM@^`gkuXiMZiM]+HKaKb#"{KMCXk	HKb]+H}]o`a¥qM?opupKbMCs¥ba
L?^`g\M'_`MCaKMg+o±XiMZrZ\bau_7X#ZiHqoa0¢¤MCbuKbaYdMCgiMCau]M7
   , E
t $%	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 :1< 8 <1/<@/7.9 / "!  3E  1:;:1<>=2 &<
¢£M#o7XiXiKL?MZiHuoZ o`a^`Kj[MC]Z\b7MhWaK^"	MCsY_7Mh^`d
β
bX o"obo`KM#Xrq]+HtZiHuoZ ZiHKM#pKg\b^7gEsY^7LobaO]o`a=M=^`uausYMCsO^`a
[βl, βr] ⊂ (0,∞)
¡´K^7^"	bau_og\_`KL?MCa7Z+X dg\^`L lgiZi^²r6 7z`³7#Mg\_`MCghoaqs1TWKa}²r67³oaus?MXrp=MC]bo`V#o7]+Huo
«'­® 7 ²[ 7³ZiHKbXtbXo0g\MCo7Xr^7auoKM?o`X\XrKL?pYZ\b^7a Xrbau]M
β
sKbg\MC]Z\X'Z\HKMWbaKMZib]X^d	o_`baK_qPka L@M]+Huoaub]Co
XiVYX[Z\MLXWd^7g	pKHWVYXrb]o`±giMo`Xi^`auXC
β > 5
bXaKM7Mg	MCXrZibLo"Z\MCs^`agiMo±¢£MbKKsKoZ\o0²MK]MpKZ	HKMaZiHuMV]^`L?M
dg\^`L o";puo`g\o`L@MZiMCg¢£MbKKsYbX[Z\gibKYZ\b^7ao`ausLuXrZ	qMtg\MCsYq]MCs dgi^7L o@KKg\aY;baZibL?M³.;kXrqoV7
β
XrZ\oVYX
ba
[1, 2.5]
TWMCM moauaK^"V}oaqs fgi^Y]Co`]]bo£² z`y`yu³d^`go0MCaK_`baKMCMg\baK_0WbM	p=^`ba7Z ,¸^7giMC^"`MCgC±	HKMCa o_`baK_0bX
o7XiXiKL?MCs±Y#M'Huo`M']MCo`giV
βl = 1

´K^7^"	baK_#o7]+Huo²[6`x{³WM'pKg\^`p=^7XiMZi^?uXiMo?MZ\o
Be(p, q)
sYbX[Z\gibKYZ\b^7ad^`gIZiHuMtpKgib^`gI^7a
β

π(β) =
Γ(p + q)
Γ(p)Γ(q)
(β − βl)
p−1(βr − β)
q−1
(βr − βl)p+q−1  [βl,βr](β)=MC]CouXiM'^d bcZ+XIµuMYbKbbZ[V`¯;Z]oa=M]o`bKg+o"ZiMs1baZiMCgiLX	^`dE"og\boau]Mo`aus0]Ma{Z\g\o`±o`uMtbausKMp=MausYMCa{ZiV1^d
(βl, βr)
 ,¥^`g\M^"`MCgC"l
[β]
sYMp=MaqsKX^7aKVO^d
p/q
oaus]Coa?=M]+HK^7XiMa?bausYMp=MaqsYMa{ZiV@^d	og
[β]
²eo`aus?XrbL?bog\V
d^7gIZiHKM'L?^YsYMt	HKb]+HsYMCpqMCausKX	^7aKV ^d
(p − 1)/(q − 1)
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]CobKg+o"Z\M
π(β)
	HKb]+H0oVYX	^`aZiHuMXrp=MC]b =]o"Z\b^7a¸^d¡oa¸^7uXrMCgi"oZib^`a
βm
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7Mau{bauXi^`a ² z`y`y{|`³_`b`MXo?giMCWbMC
^`d	ZiHKM0]o`bKg+o"Zib^`a L?MZiHK^YsKXO^dko¤#MZ\o}pKg\b^7gOsYbX[Z\gibKYZ\b^7a bdkXr^7L?M1"oKMCXO^d
β
]o`a qMKKbZOdg\^`L puo7X[Z
MWp=Mg\bL@MCa{Z\X@^`g?MYp=MgiZ "7uMCXrZib^`aKbaK_u .^"#M7MgXru]+H L?M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M
MWp=MgiZ\X	o`giM'aK^`ZX[Z+o"ZibXrZib]boauXCWZiHKM"{KMX[Z\b^7aKbaK_?Huo`X#Z\^@=MtbausYbgiM]ZC
¢£MtpKgi^7pq^{XrMZ\HKM'd^`^"	baK_@L?MZiHu^WsZ\^?^`YZ+obapKg\b^`g	MCXrZibLo"Z\b^7auXI^d
β
 4 =^`KZ	ZiHKM]^`L?pq^7aKMa{Z ∑ uo`Xi
Z\^ ZiHuMOMWp=MgiZ\XkZ\HKMOpugi^7uoKbbcZ\bMX
p0
oaqs
p1
Zi^1deo¡sY^"	a¥=Md^`g\MOZiHKMOZibL?MCX
t0
o`aus
t1 > t0
9g\MCXipqM]Z\b7MV`
GIHKMCa
1 − p1
1 − p0
= exp
{
−µxβ0
(
{
x1
x0
}β
− 1
)}
= (1 − p0)
“
x1
x0
”β
−1
o`aussKMCsYu]M'ZiHKMtpugib^`gIMCXrZibLo"Z\b^7a
βm = log
{
log(1 − p1)
log(1 − p0)
}
log−1(x1/x0).
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η
 4 HWV{p=Mgi
puo`g\o`L?MZiMCg
a
	Hub]+H ]Coa qM1ba{ZiMCgipugiMZiMCs o7Xo0WbgiZiqohX\oL?pKM1Xib¦CM bXsYM uauMCs±¸¢ HKMCaKYMCs±EZ\HKbXWbgiZiuo`
Xib¦CM1	b#=MuXiMCs!o"dªZiMCgiIog+sKX ²eba
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π(β)
	HKMCa aK^ %© $¨® 
baYd^`g\Lo"Z\b^7ao`q^7YZIZiHKMtKaq]MgiZ\o`ba{Z[V ^`d
β
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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hN^`ausYbZib^`aqoV?Zi^
β
YZ\HKMV]+HK^W^7XiMd^7gIZiHKMX\]o`M
puo`g\o`L?MZiMCg
η
ZiHuMt_`MauMg+ob¦CMCs baW`MCg\XiMk_{oL?LoOsKbXrZig\buYZib^`a
η|β ∼ GIG(a, b, β)
	bZiH¸sYMCauXrbZ[V
f(η|a, b, β) =
baβ
Γ(a)
1
ηaβ+1
exp
(
−
b
ηβ
)
1[0;+∞[(η)
² z7³
	HKMCgiM
(a, b, β) > 0
Y	bZiH0L?^`L?Ma{Z
l
[ηk] =
bk/βΓ(a − k/β)
Γ(a)
∀ aβ > k > 0,
o`ausL@^YsYM2,
d[η] = (bβ/aβ + 1)
1/β EGIHKbXdeoL?bVkbX]^{XrMs{VXi]CoMEZig+oauXrd^`g\Lo"Zib^`a?²b5 M` X ∼ GIG(a, b, β) ⇒
∀c > 0

cX ∼ GIG(a, bcβ, β)
³'	Hub]+H Lo7MCX'bZba{Z\Mg\MCXrZibaK_Zi^¸g\MpKg\MCXiMa{ZtpKg\b^7gtbaYd^7giLoZib^`auX'^7a o0X\]o`M
puo`g\o`L?MZiMCgC ,¸^7giMC^"`Mg{bcd Mt]^`auXibsKMgIZiHuMtgiMCpuog+oL?MZ\gib¦CoZib^`a
µ = η−β
KM'^7YZ\o`bapKg\b^7goauspq^{X[Z\Mg\b^7g
µ|β ∼ G(a, b),
µ|β, tn ∼ G
(
a + r, b +
n
∑
i=1
ti
)
.
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WbsYMoL@MoaKbaK_Zi^Z\HKMhHWVWp=Mg\puog+oL?MZ\Mg+X
a
oaus
b
GIHKbXE]+HK^`b]Mg\MLo`bauXE]^7a{Zig\^"`Mg+Xibo`Xibau]M
π(µ|β) = π(µ)

GIHKMCa0M'pKg\^`p=^7XiMo`ao`cZ\Mg\auo"Z\b7Mt]+HK^`b]M7
TWKpupq^{XrM}ZiHuoZZ\HKM "{uo`a7Z\bcZ+o"Z\b7M¥MYp=MgiZ^`pubaKb^`a ]oa qM¤giMCpKgiMXrMCa{ZiMCs WV o §¨ª©« ¬u­®h¢£MbKKtXio`L@puM
x̃m = (x̃1, . . . , x̃m)
mMZ
πJ(η|β) ∝ η−1
=MkZ\HKM']^`aqsYbcZ\b^7auo 
7M9giMCVYXhpKg\b^`g¯;dE^`KgI]^7ausYbZib^`auo`=pugib^`g#^`a
η]CoaqMtg\MpKg\MCXiMa{Z\MCs WV1ZiHKMtp=^7XrZiMCgib^`g
πJ(η|β, x̃m)
KM'^7YZ\o`ba



a = m,
b = b(a, β) =
a
∑
i=1
x̃βi .
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M^d
b
o`XotdKaq]Zib^`a1^d
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o`pKpqMog+X¡Z\^qMauoZiKg+o5E#MXrbsYMCXC
a
Z\o``MX¡ZiHuML?MCo`aKbau_^d9Z\HKMXib¦M
^`dEoO{bgiZiuo`9X\oL?pKM'VWbMCsYbaK_OZiHKMtX\oL?M'baKd^`g\L?oZib^`ao`XZiHKM'MWp=MgiZ	^`pKbaKb^`a .Mau]M
a
bX#aK^" o'%+­"® ¨©i­« ¨21>	
HWVWpqMCgipqog+oL?MZ\Mg Xrbau]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¬u­>	u«5¨ª«;­« ¨ª§E^`pubaKb^`a
Z\HKgi^7K_`HZ\HKbXXibL?pKMHWVWpqMCpuog+oL?MZ\Mg#GIHubXkXio`L@puMXib¦MbXo`aMo`XiVba{ZiMCgipKg\MZ+oKMtpuo`g\o`L@MZiMCgoaus¸o_7^W^Ws
d^Y]qXp=^`ba{Zd^7g#oOsYbXi]uXiXib^`a =MZ[#MMCa ZiHuMo`auoVYX[ZIoaus ZiHKMMYp=MgiZC ¢¤M'pKg\^`p=^7XiMXi^`L?MksKMdeoucZ]o`bKg+o"Z\b^7a
"oKMX#d^`g
a
o`aus "7uMCXrZib^7aKbaK_XrK_7_`MX[Z\b^7auX#ba
§
!u
¯[sYMoV7
π(µ|β)
Huo7Xtoauo"Z\Kg\o` HKbMCg\o`g\]+Hub]Co¡X[Z\giq]ZiugiM7 4 XiXiKL?baK_
x̃m
i.i.d.
∼ W(ηe, βe)
	HKMCgiM
(ηe, βe)o`giMpKg\b^7g	MCXrZibL?oZib^`auXCY#M_7MZ
b|β ∼ G(a, η−βe ),
µ|β, b ∼ G(a, b).
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b
ba¤duau]Z\b^7a£^`dZ\HKM
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b q]oZib^`auXCGIHKbXIbXsK^`aKM'bX#ZiHKMtaKMWZpuog+o_7g\o`pKH
GDH9:-GJI
  ­¨e­	
¨¬Y®ª®­	9­"®¨ 1"©¨	"¬«5©¨e­"®©® ¨e­¨ª®c¨ª«  
   "  -> Y    · E  CK  ·}· 	  ·  ¼     ¼ 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Z\^@XipqMoo=^`KZZ\HKMkL?MsYbo`a1bcdMZibL?M
m = η(log 2)1/β
( HKMkbXIXrupKpq^{XrMs?Zi^@_`b`MoaMCXrZibL?oZib^`a ^`dZiHuMpugib^`g
L?MCo`a l
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π(β)
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^d bcdMZibL@M
T
	bZiH¸sYMaqXrbZ[V
mW (t) =
∫
IR
∫
IR
fW (t|µ, β)π(µ|β)π(β) dµdβ.
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α
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^7L?pq^7aKMa{Z ∑ Zi^deo`b=Md^7giM@Z\bL?M
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obdMZibL?MO"o`KM
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M
GIHKbXko`uMO]o`a¸qMOpqMCg\]Mb`Ms¸o`X	Z\HKM
MX[Z\bLo"Z\b^7a
7I^dEZiHKM
α
^7g\sKMgIpqMCg\]Ma{ZibM`Kauo`L?MV
P (T < te) = α ∈]0, 1[
$
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YpqM]Z+o"Zib^`al
[T ]
$
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b1(a, β) =
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(1 − α)−1/a − 1
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b2(a, β) =
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∑
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∑
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oaus
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∏
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∑
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∫
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l
[.]
bXI	bZiH0g\MCXipqM]ZIZi^
πJa (β)
¢ HuMa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kMaK^`ZiM
xm
oa
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¢£MbKK±Xio`L@puMk^dXib¦CM
m
VWbMCsYbaK_ZiHKMXio`L@MsKo"Z+obaYd^`g\Lo"Z\b^7a ^d
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¡´K^7giLoV`
sYMCaK^Z\bau_
DJc,J(tn,xm) =
∫
Θ
πJc (θ|tn) log
πJc (θ|tn)
πJ(θ|xm)
dθ
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^`d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ñ = arg min
m
l
Xm D
Jc,J(tn,xm).
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r = 0
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ñ > 0
PdE]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ñ = n
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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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g\MWbMXho`auspKg\MC]bXib^`auXCEGIHuMksYMuaKbZib^`ad^7^"X( sYMCaK^Z\baK_
θn(α)
ZiHuMkp=^7XrZiMCgib^`g
α−
"{uo`a7Z\bM^`d
θ
uo`XiMCs ^`a
^7uXrMCgi"oZib^`auX
tn
²b5 M`
P Jc (θ ≤ θn(α)|tn) = α
³qbcZL?MCo`auX#ZiHqo"Z
Pθ (θ ≤ θn(α)) = P
J
c (θ ≤ θn(α)|tn) + O(n
−i/2)
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θ
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Θ
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θn(α)
bXg+oaqsY^`L0Woaus
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©	*%./9©¨21"©²e#MCgi_7Mgoaqs@#MCgiauo`g\sK^@{z`³	HKb]+HbXoZhMo`XrZ^d9^`g+sYMg Z[#^o`]C]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TWbau]M
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bX']MaqXr^7giMs±q#M?]+HK^7XiM
πJc
o`XkZiHuM@XipqM]bo 
7M9giMCVWXpKg\b^`gO²ebaq]usYbaK_¸]MaqXr^7giMs0ZibL?MCX+³	Hub]+H£]oa
=MsYMCgib`Ms1dg\^`L kMOTYoa{Z\bX3«­"® 7² z`y`yK³#GIHKMoKZiHK^7g\XXiHK^" bcZkHuo`XqMZrZiMCgp=^7XrZiMCgib^`g]^"`Mg+o_7MZ\Huoa0Z\HKM
XrZ\o`ausKog+s 
`M=g\MVYXIpKg\b^`g#´ugi^7L#^`uX"{KMZ²5zy7y`xK9NHuopYZ\Mg {³qbcZbXsKM uaKMs¸o`XId^7^"XCu	HKMCa
tn
]^7a7Z+obauX
n − r
gib_`H{Zi;]MauXi^`g\MCs)uWMs1"o`KMX
c1, . . . , cn−r

9«
γ
$1« )  ¬Y®8© % 1	)«;­>	u«  γ ' 0.57722  7  « γ1 = π2/6 + γ2 − 2γ > 0 ­>	 γ2 = −2(1 − γ) 7	 1"« 
δ̃(µ, β) = δ2(µ, β) + [δ(µ, β) − 1]
(
γ1 + γ2 log µ + log
2 µ
)
+ π2/6 − 1,
δ(µ, β) = n −
n−r
∑
i=1
exp(−µcβi ).
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(µ, β)
¨
πJc (µ, β) ∝ (µβ)
−1
√
δ̃(µ, β).
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_7bWbaK_?uXIKpKp=Mg=^`uausKX
a∗
d^`g
a

:9:<;>=)?A@ABAC
6!  t¨% 1"®­  1¬¬)«
	  	  % %  		
 a∗
  
  
  
  
"  
!  
Go`KMtz(¡Go7]bZgiMsYu]Z\b^7a^`dEp=Mg+]MCa{ZibM'^`g+sYMCg#=MZ[#MMCa0MYpqMCgrZ	^7pKbaub^7ao`aus1g\MCo`bZ[V`
   # ¼   ·  -E ·  »·W·  · 	  · 
¢ HKMCa1pKg\b^`g+X
π1(θ), . . . , πM (θ)
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π(θ) =
M
∏
i=1
π$ii (θ)
∫
Θ
M
∏
i=1
πϕii (θ) dθ
,
	HKMCgiM ∑M
i=1 ϕi = 1
YL@baKbL?b¦CMCXIZ\HKM¾'Kuo7]+{;mMbKMCgbaYd^7giLo"Z\b^7a^7X\X
KL(π; π1, . . . , πM |β) =
M
∑
i=1
$i
∫
IR
π(θ) log
π(θ)
πi(θ)
dθ
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µ|β ∼ G
(
M
∑
i=1
$iai,
M
∑
i=1
$ibi(ai, β)
)
,
β ∼ Be
(
M
∑
i=1
$ipi,
M
∑
i=1
$iqi
)
	HKMCa
πi(β)
bXIoO#MZ\o@sYMauXibZ[V
Be(pi, qi)
sYMuaKMs1^7a1oO]^`L?L?^`asY^`Loba
[βl, βr]
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π(β)
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M
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(π(β))
bX=^`KausKMCs±WbZ#bXhMo`XiV@Zi^qXrMO¨+8/91"©«°­	*% ­+ /=® ¨	 
kZi^
GDH9:-GJI
  ­¨e­	
¨¬Y®ª®­	9­"®¨ 1"©¨	"¬«5©¨e­"®©® ¨e­¨ª®c¨ª« |
MX[Z\bLo"Z\MZiHKMtp=^7XrZiMCgib^`gIL?MCo`a^`dEoOdKau]Zib^`a0^d ba7Z\Mg\MCXrZ
h(θ)
I =
∫
Θ
h(θ)π(θ|tn) dθ,
=
∫
Θ
h(θ)
π(θ|tn)
ρ(θ)
ρ(θ) dθ
	HKMCgiM
ρ(θ)
bXo`a{VkdKau]Zib^`a@Xru]+H'Z\Huo"Z¡TWKpKp
(π(θ|tn)) ⊂
TWupKp
(ρ(θ))
² n	^`=MgiZEo`ausN#o`XiMozy7y>!{³ENHK^W^7XibaK_
ρ
o7X	osYMauXibZ[V`YbZbXIMo`XiVZi^MX[Z\bLo"Z\M
I
{V
ÎM =
M
∑
i=1
ωih(θi)
	HKMCgiMZ\HKM
θi
og\M'XibLKo"Z\MCs1dgi^7L
ρ(θ)
oaqs Z\HKMtMCb_7H{Z\X
ωi = ω
′
i/
∑M
j=1 ω
′
j
	bZiH
ω′i =
π(θi)L(tn; θi)
ρ(θi)
.
;ausYMgL@bs£]^`ausKbcZ\b^7auXo0bL?bcZ]Ma{Zig+o Z\HKM^7giMCL MauXiKg\MCXZ\HKM ]^7a{7Mg\_`MCau]MO^d
ÎM
Z\^
I
	HKMa
M → ∞

GIHKMOLoba}sYb 0]KZ[VbXZiHuoZkZ\HKMZ+obXk^d
π
LOuXrZk=MHKMo{bMgZiHuo`a¸ZiHuMZ+obX^d
π(θ|tn)
²eoaqs¸bsKMCoV`
ρ(θ)XiHK^`usqM]^{XrMZ\^
π(θ|tn)
³¯°a0^7Kg	]o`XiM`Y	bZiH
θ = (µ, β)
u#M^7YZ\o`ba
µ|β, B, tn ∼ G
(
a + r, b(a, β) +
n
∑
i=1
tβi
)
,
π(β|B, tn) ∝ β
r


r
∏
j=1
xj


β
(β − βl)
p−1(βr − β)
q−1ba(a, β)
{
b(a, β) +
n
∑
i=1
tβi
}−(a+r)
 [βl,βr](β).
GIHWuXCu]+HK^W^7XibaK_
ρ(µ, β) = π(µ|B, β, tn)  {βl≤β≤βr}/(βr − βl)
qM'g\MCXipqM]Z	ZiHuM]^`aqsYbcZ\b^7auX	^`d o?X\o"ZibXrdV{baK_
bL?pq^7grZ+oau]M'X\oL?pKbaK_oaus^`YZ+oba1Z\HKM'ZiHuM^`g\MZ\b]Co²eKaKaK^7giLob¦MCsq³h#Mb_`H{Z
ω′(β|B, tn) = β
r
(
r
∏
i=1
xi
)β
(β − βl)
p−1(βr − β)
q−1 b
a(a, β)
(
b(a, β) +
n
∑
i=1
tβi
)a+r  {βl≤β≤βr}.
lhXip=MC]boV`KoabausYuXrZig\bo`9giMCboKbbXrZ	bXIba{ZiMg\MCXrZiMs ba1Z\HKM]^7L?pKYZ\oZib^`a^dZ\HKM'd^`^"	baK_/=© $¨%«5¨ª§ "{uoa{Zib
Z\bMX(
7#ZiHKM + +­	}®c¨ «5¨+#
l
[T |B, tn] =
∫
IR
Γ(1 + 1/β)
{
b(a, β) +
n
∑
i=1
tβi
}1/β
Γ(a + r − 1/β)
Γ(a + r)
π(β|B, tn) dβ;
zK#ZiHKM#¬Y©§¨ª§­®E­"«#«5¨+#
t0
S(t0|B, tn) = P (T > t0|B, tn) ,
=
∫
IR




1 +
tβ0
{
b(a, β) +
n
∑
i=1
tβi
}




−(a+r)
π(β|B, tn) dβ;
:9:<;>=)?A@ABAC
x  t¨% 1"®­  1¬¬)«
u#ZiHKM© ¨"¬u­®® ¨ « ¨+ ?­ +« ©t«5¨+ 
t0
² XrMCM'd^`g	bauX[Z+oau]Mt´baK7MX[Z\Mba0z`y`y`x{³
,¥n G	´
(t0|B, tn) =
l
[T − t0|T > t0, B, tn] ,
=
1
S(t0|B, tn)
∫ ∞
t0
S(x|B, tn) dx.
GIHWuX ,¸^`a{ZiM0N#og\^¸MX[Z\bLo"Z\b^7auX^`dIZiHKMXrM'"{uo`a{ZibZibMCXauMMCs XibL@puV p=^7XrZiMg\b^`gX\oL?pKbau_¸^d
β
 ^`gKaKbd^`g\L
bL?pq^7grZ+oau]M'X\oL?pKbaK_?^`a
(βl, βr)

    ?0$%IE
 #  $ 0
¢£M]^7auXrbsYMCgZ\HKM	g\b_7H7Zi;]MauXi^`g\MCsgiMoWbdMZ\bL?Msuo"Z\o
tn
²
n = 18
³dg\^`L GEouM Y¡GIHKMCV]^7gig\MCXip=^`aus'Z\^'deobugiM
Z\bL?MCX#^7g#XrZi^7pKpKbaK_Z\bL?MX#]^`M]Z\MCs ^7aXi^`L?MkXibL@bogIsYMWb]MCX ∑ =M^`aK_7baK_Zi^OZiHKM'XiMC]^7ausKo`giV?Io"ZiMCg]bg+]KbZ
^`dqaWu]MCo`g¡pKoa{Z\XCEmbcdMZibL?MCXo`giM#_`b`MCaOba?L@^7a{ZiHuXC´u^`g¡pKHWVYXrb]o`YgiMo`Xi^`auX o`ausOo7]]^`g+sYbau_Z\^'oog\_`MI]^7auXrMCaY
XiuXCqZ\HK^7XiMOsuo"Z\oog\MOo7XiXiKL?MCs0Z\^o`gibXrMdgi^7L o ¢£MbKK sKbXrZig\buYZib^`a
W(η, β)
GIHuMLo"YbLKL b7MbHu^{^Ys
MX[Z\bLo"Z\^`g@²,¥ml³bX
(η̂n, β̂n) = (140.8, 4.51)
	bZiH¤MCXrZibLo"ZiMs¥XrZ\oaqsKog+s¸sYMWbo"Z\b^7auX
σ̂n = (7.3, 1.8)
GIHKM
HKb_`H"oKMt^d
β̂n
bXKaKMYp=MC]ZiMCs0o`ausXiK_7_`MCXrZ\XIo?IoV`MXrboaMCXrZibL?oZib^`a
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Go`KM @( mbcdMZibL?MCX²eL@^7a{ZiHuX+³#^d aWu]MCo`gI]^`L?p=^`aKMCa7Z+Xt²ªdg\^`L XrM]^`aqsKog\V?#oZiMg]bg+]ubcZ+X\³
G^pugib^`g^7pKbaKb^7auX^7a?ZiHKMkbdMZ\bL?Mog\Moo`bouM	^7a sYMWb]M ∑ 7_7b7MaWV@bausKMp=MausYMCa{ZMYp=MgiZ\X
E1
oaus
E2
GIHKMV£og\MXrKL?Log\b¦MCs£ba Go`KM !qGIHKM
E1
^7pKbaub^7a£bXtLOu]+H L@^7giMbaYd^7giLo"Z\b7M@ZiHuo`a
E2
o`aus£q^`ZiH
o`giM@gib_`H{Zi;XiHKbdªZiMCs¤	bZiH giMXrp=MC]Z'Zi^0ZiHuM sKo"Z+oK ,¸^`g\M^"7MgZiHKMMWp=MgiZ\Xto`giM?aK^`Zo`Xi`MCs¤o"ZtZ\HKM Xio`L?MOM7M¡^d
pKg\MC]bXib^`a
E1
bXo0aWu]MCo`g^`p=Mg+o"Z\^`go`aus Xrp=MCo`YXtd^`gOo¸puogiZib]uo`g]^7L@p=^`auMa{Z	HKbM
E2
]oa =M1XiMMCa o`X
o¸]^`L?pq^7aKMa{ZtpKg\^YsYu]MCg	HK^{XrM?^`pubaKb^`a£Z+o`MX'ba{Z\^¥o`]]^`Ka{Zo0"og\bMZ[V¥^dIg\KaKaKbaK_¥]^7ausYbZib^`auXC1GIHWuX'Z\HKM
MWp=MgiZ	^`pKbaKb^`auX	]CoaqM]^`auXibsYMg\MCso`XIbausYMCpqMCausYMa{Z
 	& 
 %  	 
 ! 
	   	
	  	 E1 ! 
 #" 
	  	 E2 !  
 #" 
Go`KM ! ( l¡YpqMCgrZ^7pKbaub^7auX	o=^`YZIZ\HKMtbdMZ\bL?M
T

4 _7bau_}bXOo7XiXiKL?MCs (#M]+Hu^{^{XrM
βl = 1
£´u^`gZ\MC]+HKaub]Co#giMo`Xi^`auXM]+HK^W^7XiM
βr = 5
 ;XibaK_ ²rC³¡Z\HKM
KaqsYMg\VWbaK_1pugib^`gMCXrZibLo"ZiMX^d
β
pKgi^7pq^{XrMs¸WV0ZiHKM@MYp=MgiZ\XkZ\o``MOo`uMCXba
{8.02, 10.0, 11.7}
²MYpqMCgrZ
E1
³
o`aus
{2.11, 2.53, 2.84}
²eMYpqMCgrZ
E2
³0GIH{qXZiHKM qg\XrZMYp=MgiZ^`pKbaKb^`a XrMCMLXsYuKb^7uXXibaq]MbZbausKu]MXoa
KaugiMo`Xi^`auo`KMo`_`baK_u~^`ZiMZ\Huo"Z	HKMa¤MgiMCpKo7]MO^`g+sYMg+X
(5%, 95%)
{V
(33%, 66%)
²ªd^7Kaus}uXrbaK_ 4 _7^
g\bcZ\HKL ³kM?^`KZ\oba pKg\b^7g"o`KMX'^d
β
aKMCo`gkZ\^
2.5
´K^7g'ZiHKbXtg\MCo`Xi^`a±M?pKg\MdMCg'ZiHKMXrM ]^`g\giM]ZiMs¥^7g\sYMCg\XC
GIHKMCaYd^7g	MCo`]+HpKg\b^7g	sYMauXibZ[V
π(β|(p, q)Ei )
²
i = 1, 2
³YMtXipqM]bdV d^7gIZiHKM + 16#ZiHuMXio`L@M'"oKM
β∗ = 2.5

¯°ausKMMCs#M@auMC]MXiX\og\bV¸Huo7M
(p, q)Ei > 1
	HKb]+H£o`^"X'aK^Z'Z\^¸^`YZ+oba}µqoZpKg\b^7g\XCGIHKbXbXZ\HKM X[Z+ogiZibaK_
GDH9:-GJI
  ­¨e­	
¨¬Y®ª®­	9­"®¨ 1"©¨	"¬«5©¨e­"®©® ¨e­¨ª®c¨ª«   
p=^`ba{Z^dZ\HKMtMb]bZ\o"Z\b^7aL?MZiHK^Ysba¸Io`]+Hqo «I­® 7k²[6 {³
~^" MZ
(a1, a2)
=M@ZiHKM@WbgiZiqo¡Xrb¦MOd^`g'Mo`]+H¥MWp=MgiZC 4 sKMdeoucZtpKg\b^7gd^7gZiHKM?]^7LKbauo"Z\b^7a}^`dhq^`ZiH
MWp=MgiZ	^`pKbaKb^`auXIbX
µ|β ∼ G(a, b(β)),
β ∼ Be(p, q)
	bZiH







a = $1aE1 + (1 − $1)aE2 ,
b(β) = $1bE1(β) + (1 − $1)bE2(β),
p = $1pE1 + (1 − $1)pE2 ,
q = $1qE1 + (1 − $1)qE2 ,







aE1 = 3(γ1a1 + γ2a2 + γ3a3),
aE2 = 3(γ
′
1a
′
1 + γ
′
2a
′
2 + γ
′
3a
′
3),
qEi = 1 + (δ − 1) (pEi − 1)
d^`g
i = 1, 2,
δ = (βr − βl)/(β
∗ − βl),
o`aus
bE1(β) =
(
1
0.661/3γ1a1
− 1
)−1
200β +
(
1
0.51/3γ2a2
− 1
)−1
250β +
(
1
0.331/3γ3a3
− 1
)−1
300β,
bE2(β) =
(
1
0.951/3γ
′
1
a′
1
− 1
)−1
100β +
(
1
0.51/3γ
′
2
a′
2
− 1
)−1
250β +
(
1
0.051/3γ
′
3
a′
3
− 1
)−1
500β.
¢£M Huo7MaK^¥pKg\MC]bXib^7a o=^`YZZ\HKM1g\Mo"Z\b7MMC_`bZibLo`]V¤^dIZiHuM1p=Mg+]Ma{Z\bMCXC¸GIH{qX#M K
γi = γ
′
i = 1/3

TWbL?bog\V`Y#MHqo`M'aK^?^`Yj[M]Z\b7M']gibZiMCgib^`ao^"	baK_@uXIZ\^Odeo7^`g	oaWV MYpqMCgrZ GIHWuXMAK
$1 = 1/2

GIHKM L?baKbL?o`haWKLOqMCg^d	WbgiZiqohsKoZ\oZ\^¥^`YZ+oba£ZiHKM p=Mg+]MCa{ZibMX
(25%, 50%, 75%)
bX !u0G^¥Xip=MC]bdV
p=Mg+]MCa7Z\bMCX
(25%, 75%)
##M¸aKMMs
a1 = a3 = 2a2
 #V!au^`g\L?o`b¦CoZib^`aM0^7YZ\o`ba ZiHuM¥sYMdeo`KcZo`uMCX
a1 = a3 = 1.6
o`aus
a2 = 0.8
 ´K^7g1Z\HKM XrM]^`aqs MYp=MgiZ^7pKbaub^7aWV ZiHuM X\oL?M¤L@MZiHK^Ys±#M¤^7YZ\o`ba
a′1 = a
′
3 = 10a
′
2
oaus
a′1 + a
′
2 + a
′
3 = 20
GIHuMa
a′2 = 20/21 ' 0.95
oaqs
a′1 = a′2 ' 9.5
~^ZiMZiHuoZZ\HKM
]MauXi^`g\MCs¥suo"Z\o7XrMZ
tn
VWbMsKXtopupKgi^YbLo"Zib`MCV0o`XLOu]+H}baYd^`g\Lo"Z\b^7a¤o`X
ñ ' 11
¨7¨77 suo"Z\o£²eXiMM
§
!q zKC³
GIHWuXC=ZiHKM?XrM]^7aus¸p=^7XrZiMg\b^`g'sYbXrZig\bKYZib^`a¤	bEqM?L?^`g\MOsYMCpqMCausYMCa7Zdg\^`L ZiHKM?pKg\b^`gZ\Huoa}ZiHKM?sKoZ\o}²eba oa
o`pKpKg\^WbLo"Z\Mkg+o"Z\b^@^d¡x`x $O³bd
a2
bXIaK^ZL?^YsYb uMCs ²d^`g	bauX[Z+oau]M'uXrbaK_GEoKMz³
GIHKMCaqXibaq]M
a1
o`aus
a2
og\MuWMs±KZ\HKMpKg\b^`gKaq]MgiZ\o`ba{Z[V ^7a
β
bXMb]bcZ\MCs¸o`XMYpKobaKMCsba
§
!u` zW¢£M
uXiM
(ηe, βe) = (290, 2.5)
Zi^¸Xio`L?pKM?WbgrZ\uosKoZ\ouXrbau]MOZ\HKML?MCsYboa£^d
W(ηe, βe)
bXz7|yuO¢£M^`YZ+obaKMCs
pKg\b^`g"o`giboau]MCX
σ21 = 1.07
o`aus
σ22 = 0.67
qg\MCXip=MC]Z\b7MV`k¢¤M@^`YZ+obaKMCs uauoV
(p, q)E1 = (1.19, 1.31)
d^`g
Z\HKM%ug+X[Z	MYp=MgiZCuo`aus
(p, q)E2 = (3.13, 4.56)
d^`gIZ\HKMXiMC]^7ausMYpqMCgrZ
´EbaqoV7ZiHuM0]^`L?pKMZ\MpKg\b^`g?]^`g\g\MCXipq^7ausKXtZ\^ o}WbgrZ\uoIXio`L?pKM^d'Xrb¦M
a = 12
¡	HKb]+H bL?pKbMXOZiHuoZ
Z\HKM'pq^{X[Z\Mg\b^7gIsKbXrZig\buYZib^`abX	o`pKpKg\^YbLo"Z\b7MVo`X#Lu]+H0sYMCpqMCausYMa{Z	dg\^`L*XiKYj[M]Zib`M'WaK^"	MCsY_7MZ\Huoadg\M
"{KMCa7Z\bXrZWaK^"	MCsY_7M`#TYMpuo`g\oZiM'pKg\b^7gsYMaqXrbZibMCX	^7a0puog+oL?M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